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I panna o3Haka Mupouenko Jd YUCHOBMX Ta CTeMeCHeEBUX PAB 


The report describes the derivation and application of Mironenko’s test for series with positive terms. 
Mironenko’s test has the same limitations that have d'Alembert's ratio test and Cauchy's radical test. But in 
practical sense Mironenko’s test has some advantages, moreover, it can be used for power series research. 
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B ctTatTbe OlcbiIBaeTca BBIBO], VW TIpWMeHenve TIpv3Haka Muporenko JIA PATOB C HOJOKUTCIIBHBIMM WieHaMy. 
IIpu3sHaxk Muponenko uMeert Te 2ke orpaHvuenHa, YTO HM upu3HaKk JjanamOepa Wu payMKasIbHbI upv3nak Kou. 
OgqHako B pakTH4eCCKOM CMBICIIe TIpv3Hak Mupoxrenko MMCeT pA TpeCuMyimecTs HU, KPpOMe TOTO, OH MO?7KCT OBIT 
NMCIIOJIb30BaH Tp UCCIICMOBAaHHU CTCHCHHBbIX PATOB. 

Kur04esble C10Ba: pid, IpeAeubHbIM Mpu3Hak, UpH3HaKk JlanamOepa, 

pawMkaIbHEI Wpw3Hak Kowm, upeyen. 


Y cTatTi OMMCYeTBCA MOXOMKCHHA 1 3ACTOCYBaHHA O3HAKU Mupoueuko 1d pATiB 3 MO3MTHBHUMU YIeHaMH. 
O3Haka MupoHeHKo Mae Ti 2K OOMe?%KCHHA, AKi MAIOTb O3Haka JlamamOepa Ta paquKabHa o3Haka Kori. Ame 
B IIpakTHuHOMy ceHci TecT MupoHeHko Mae Jeaki Mepesaru. Kpim Toro, BiH MOxKe OyTM BUKOpMCTaHMh WA 
TOCIIPKeHHA CTeIeCHeEBUX PATIB. 


Ks1040Bi C10Ba: pa, Tpanw4Ha o3Haka, o3Haka JlanamOepa, payjuKasIbHa O3Haka Komi, MexKa. 


Introduction 


Tests of the convergence of series with positive terms such as Cauchy’s and 
D’alembert’s tests are usually applied to quickly converging series. In the limit form for 


any series en , u, > 0 these tests can be written down in the forms of inequalities: 


lim/u, <1 u,20, 


noo 


The first inequality is called Cauchy’s radical test, the second one is D’alembert’s test. For 
both tests the sign of equality means uncertainty in a question of convergence of the series. 


1 Mironenko’s limit comparison test for series with positive terms 


Mironenko’s limit comparison test for series with positive terms is the union of 
d'Alembert's ratio test and Cauchy's radical test [1]. 
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It can be obtained by using arguments similar to d'Alembert's ratio test or Cauchy's 
radical test. We will proceed accordingly and show that d'Alembert's ratio test and 
Cauchy's radical test are followed from Mironenko’s test. 


We consider the series with positive terms ee and compare it with the 


. . . 0 . . 
geometric progression series > > which converges when g <1 and diverges when 
a 


q =1. Assume that inequality u, <q" is satisfied for all n or starting with some arbitrary 
number V,. In consequence of continuous and monotonic increase of the logarithmic 


function Inx when x >0 we have the inequality Inu, <Ing” =n|lnq=np, p=I\nq. From 
the last inequality we have got 


eh ey (1) 
nN 


Remark. According to the comparison test of convergence for series with positive 


ea iY 
terms, if un 


> p=lng, gq >1, then series ye diverges. 


When n->0o, then according to the necessary comparison test for series with 
positive terms we have u,—0 or Inu, +-oo. This means that under the limit sign the 


ee) 


uncertainty |takes place and all conditions of L'Hospital’s rule are fulfilled: 
8) 


Gn) tins) a (2) 


noo n noo 


So we have came to the equality 
lim(Inw,) =p, (3) 


no 
which expresses Mironenko’s limit test: if p<0, then the series ie converges, if 


p>O, the series diverges, and finally if p =0, the test can not answer the question of the 


series convergence. 
Cauchy's radical test follows from the inequalities (1) taking into account the remark 


Inu, <ing> nyu, <ing>4u, <4 
n 


and applying subsequent transition to the limit at n > 0. 
If there be given the limit [2] 


lims/u, =q, u, 20 


noo 


and q <1, then the series pe converges, if q>1, the series diverges, and finally if 


q =1, the test can not answer the question of the series convergence. 


Uy 


Let us use Mironenko’s limit test in the form lim “* = p to derive d'Alembert's ratio test. 


no uUu 
n 


At large value of n the derivative can be represented as u,,,—u,, or u,, —U,_,. In any 
of these embodiments we can get d'Alembert's ratio test. 
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Substitute this expression in the previous inequality and we obtain 


lim “tn = p > lim “ ml —1+p win lim “2S = p= lim “= =1-p. 
no Uu, no Uu,, Uu,, noo Uu,, 

We can demonstrate on simple examples the advantages of Mironenko’s test in 
comparison with d'Alembert's and Cauchy's tests. 

1. The test convenient to use when the general term of the series has a lot of factors. 
Due to the properties of the logarithmic function multiplication and division are converted 
to the sum and difference, which is convenient to compute the derivative. 


Example 1. Need to establish convergence or divergence of the series 


ye (n+ 2)In(n+1) 
SC Ena S 


Here Inu, =In(n-+2)+InIn(n-+1)—(n+3)in2—Fin(o? +3045) 
ut 1 2n+3 


(In uz, ) =H. Tae) In2 Wn? +3n +5) lim (In w, ) =-In2<0. The _ series 
convergence. 

2. Test can be used when the general term has the factorial function n!. At large n 
possible to use asymptotic formula for the derivative of the function n!: (n!)'=n!Inn. This 
formula allows to apply test to Cauchy's series as well as d'Alembert's series which contain 
as multipliers factorial function. 


n 


Example 2. Need to establish convergence or divergence of the series oe — 


Here Inu, =Ine” —Inn!=n-Inn!, 


minn 


(In w :) =|1-——— =1-Inn, lim(Inw, = —oo > 0. The series convergence. 


3. Test can be used to power series without distinguishing if series refers to 
d'Alembert's ratio test or Cauchy's radical test. 


Example 3. Need to establish the radius of convergence of the power series. 
2n 


2 x 


Here Inu, = In x7" —(n4+3)In3— In(n? +3n+5) 


(ee) ce ty ere tna (inu,) = 2inf|—In3 = in 2 93 Fei aie 
2(n? +3n+5)) > i! 2 


radius of convergence is — 13 <x<3. 
xr! 


n= 1(2n)! 


Example 4. Need to establish the radius of convergence of the power series. ya 


Here Inu, =In x°"! —In(2n)!=(2n-1) In|x| —In(2n)!, 


(In u,) = 2 In|x|- oa =2In|x|-In2n, lim(Inw, ) =—0 <0 The radius of convergence is 
n ! n>o 


-O<X< +0. 
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4. Mironenko’s test has the same limitations that have d'Alembert's ratio test and 
Cauchy's radical test. 
; : : 2 n" 
Example 5. Need to establish convergence or divergence of the series Ds aa 
n=l nle 


Here Inu, =nInn—nIne-Inn!, (inu,) =inn 411-2 =o, lim(Inw,) =0. Test can 
n! no 


not answer the question of convergence of the series. 


Conclusions 


1. Mironenko’s limit comparison test for series with positive terms is obtained. The 
test has the same opportunities as d'Alembert's ratio test and Cauchy's radical test, but it 
has some advantages in comparison with them. 

2. d'Alembert's ratio test and Cauchy's radical test are follow from Mironenko’s test. 


Appendix. Calculating the derivative of n! we will proceed from the Stirling's formula 


1 1 139 
ni=~V2ann"e"| 1+ + + +o(n“)|, 
12n 288n? 51840n° ( ; 
which confine only a first approximation. Need to logarithm and _ differentiate 


Inu!=Inv22n +Inn” +Ine” +i 1+} 
n 


We assume approximatione In(1 +1/ 12n) =1/12n, when 


1 1 : 
Inu!=InVv2z2 +—Inn+nInn-—n+—, (nn!) =Inn+—-— , 
2 12n (in! 2n 12n° 


. ' 1 1 
Finally, (n!) = n!| Inn +—-— = niin 
Ys (a!) nf "On Wnt Jet 
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RESUME 
S.V. Kaida, IL.V. Petrenko, L.P. Mironenko 
Mironenko’s Limit Test For Numerical And Power Series 
Background: Mironenko’s limit comparison test for series with positive terms is the union 
of d'Alembert's ratio test and Cauchy's radical test. 
Materials and methods: Methods of differential calculus, L'Hospital’s rule, arguments 
similar to d'Alembert's ratio test and Cauchy's radical test were used in the paper. 
Results: One more limit comparison test for series with positive terms is obtained. 
Conclusion: Mironenko’s limit comparison test for series with positive terms has the same 
opportunities as d'Alembert's ratio test and Cauchy's radical test, but it has also some advantages 
in comparison with them. 
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